Using Razborov's flag algebras we show that a triangle-free graph on n vertices contains at most n 5 5 cycles of length five. It settles in the affirmative a conjecture of Erdős.
In [2] , Erdős conjectured that the number of cycles of length 5 in a triangle-free graph of order n is at most (n/5) 5 and further, this bound is attained in the case when n is divisible by 5 by the blow-up of C 5 (i.e., five sets of n/5 independent vertices; vertices from different sets are connected according to the edges in C 5 ). Győri [3] showed that a triangle-free graph of order n contains no more than c . In this note, we settle the Erdős conjecture in the affirmative using flag algebras.
Let us first introduce some basic notation, as well as recalling certain facts and results that we shall use later on. An r-graph G is a pair (V (G), E(G)), where V (G) is a set of vertices and E(G) is a family of r-element subsets of V (G) called edges. For a (large) r-graph G on n vertices and a (small) r-graph A on k vertices let C A (G) be the set of all k-element subsets of V (G) which induce a copy of A in G. The A-density of an r-graph G is defined as
Thus, if A is just a single edge, d A (G) becomes the standard edge density. For a family F of forbidden r-graphs, we define the Turán number of F as
and by the Turán density π A (F) of F we mean
It is easy to show, using a 'blow-up' argument similar to the one we use in the proof of Theorem 3 below, that the limit above exists.
Let us now sketch the main idea behind the flag algebra approach introduced by Razborov [5] (see also Baber and Talbot [1] ).
Let us fix some r-graph A on k vertices and let F be a family of r-graphs whose Turán density we wish to compute or bound from above.
To this end, we consider the family H of all F-free r-graphs on l vertices, up to isomorphism. Clearly, if l is small, we can list all elements H, either by hand or by computer search.
For H ∈ H and a large F-free r-graph G, let p(H; G) denote the probability that a randomly chosen l-element set from V (G) induces a subgraph isomorphic to H. Thus,
. By averaging over all l-element subsets of V (G), we can express the
and hence,
The above bound on d A (G) is, in general, rather poor. Using the flag algebra approach, one can sometimes improve on it significantly.
Thus, let us define a type σ = (G σ , θ) as an r-graph G σ , together with a bijective map θ :
By the order |σ| of σ we mean |V (G σ )|. Given a type σ, we define a σ-flag F = (G F , θ) as an r-graph with an injective map θ that induces the type
In other words, for a given family F and a type σ (i.e., an r-graph with all vertices labelled by [|σ|] = {1, . . . , |σ|}) an admissible σ-flag of order m is an F-free r-graph on m vertices, which has |σ| labelled vertices which induce σ.
Let us fix a type σ and an integer m ≤ (l + |σ|)/2. This bound on m ensures that an r-graph on l vertices can contain two subgraphs on m vertices overlapping in exactly |σ| vertices. Let F σ m be the set of all admissible σ-flags of order m, up to isomorphism. Furthermore, by Θ H we denote the set of all injections from [|σ|] to V (H). Finally, for F a , F b ∈ F σ m and θ ∈ Θ H , let p(F a , F b , θ H ; H) be the probability that if we choose a random m-element set V a ⊆ V (H) with im(θ) ⊂ V a and then select a random melement set V b ⊆ V (H) such that im(θ) = V a ∩ V b , then the induced σ-flags obtained are isomorphic to F a and F b respectively.
Consider a positive semidefinite square matrix Q = (q ab ) of dimension |F σ m | and set
The following fact (see [1] or [6] ) is crucial for the flag algebra approach.
If we combine the above lemma with (1) we get
and consequently
Since c H may be negative, for appropriate choices of the σ i , m i , and Q i , this bound may be significantly better than the bound given by (2) .
Note that now, one can bound the Turán density by solving the following semidefinite programming problem: given σ i and m i , we wish to find positive semidefinite matrices Q i which minimize the bound on π A (F) given by (3) .
The main result of this note is given by the following theorem.
625 . Proof. Let us consider l = 5 and three types on 3 vertices -σ 0 stands for a graph with no edges, the type σ 1 has one edge and σ 2 has two. In each case, we consider m = 4. There are 8 admissible σ 0 -flags (the corresponding variables to these flags form the matrix P , say), 6 admissible σ 1 -flags (we denote the corresponding matrix by Q) and 5 admissible Computing all the appearances of each pair of flags in each graph, we infer that where the maximum is taken over all possible coefficients p ij , q ij , r ij such that all the respective matrices P , Q, and R are positive semidefinite.
For an explanation, we will consider one example and count appearances of each pair of flags in the second graph (consisting of a single edge). We need to consider all 5! = 120 possibilities of placing three labels inducing a type and one additional label for each vertex left in the flags. If we place labels 1 and 2 in such a way that they are connected by an edge (there are 12 such possibilities), we always get two flags , yielding coefficient 12q 11 . If labels 1 and 3 or 2 and 3 are connected by an edge, we get pairs of flags which are not under our consideration. If labels 1 and 4 or 1 and 5 are connected by an edge, we get flag and flag , yielding coefficient 24p 12 . Similarly, we get coefficients 24p 13 and 24p 15 . The only possibilities left are those when 4 and 5 are connected by an edge. In those situations we get two flags , yielding coefficient 12p 11 . Hence, we get 1 120 (12p 11 + 24p 12 + 24p 13 + 24p 15 + 12q 11 ). We take P , Q and R to be the matrices 
